I'padukn smemeHTApHBIX QYyHKITU

§1. DmemeHTapHbIe QYHKIIAN
1.1. JImaennHas QyHKIIUA

JImueitnot pyHKIMENn Ha3biBaeTcs QyHKIUS Buna y = kx + b, rme k u b —
yncna. OyHKIIS onpeneneHa mpu JT000M .

['padukom TuHETHON GYHKIINE SIBJISETCS IPsMast. DTOT rpaduk yooOHO CTPO-
UTh IO OBYM TOYKaMm: Touke B ¢ xoopmmHatamu © = 0, y = b u Touke A ¢

koopouHaTamu y = 0, v = —% (mpu k # 0) (cM. J€BbIfl PUCYHOK). DTHU TOUKH
ABIISIOTCS TOYKAMIU TI€PECEICHNUS TIPSIMON ¢ OCAMUI KOOPINHAT.
)
A
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b.
A(-?,O) g X

B cayuae b = 0 mpsamas IpoXoOuT depe3 HAdaJlo KOOPAMHAT U IJIA IOCTPO-
eHus rpaduka ClieyeT B3sTb €Ié OmHy TOuky, Hanpumep, Touky C(1;k) (cm.
IpaBeIil pucyHOK). B ciyuae k = 0 mpsMas mapasienbHa ocn abCIicc.

KospduumenTor k& u b B ypaBHEHIN IPAMOI UMEIOT HAJIAIHOE [eOMEeTPIde-
CKOe TOJIKOBaHIe. 3HadeHne koddduiimenTa b onpenenseT 0TPe30K, OTCEKAEMbIH
rpaduKoM JTMHEHHON (GYHKIINN Ha OCH OPAUHAT, a KOd(POUITHEHT k SBIIIETCS TaH-
PeHCOM yTJIa , 0OPa30BaHHOTO OChIO abCIUCC U TPSMOU; YTOJI OTCUNTHIBAETCS
OT TOJIOKUTEILHOTO HAIIPABJIEHUs OCH aOCINCC IPOTUB YaCOBOI CTPEJIKIL.

YpaBHeHne IPsAMOIl MOXKET OLITH IPEICTABICHO B PA3IMYHBIX BUOAX:

y = yo + k(r — xy) — ypaBHEHUe TPSIMON C 3aIaHHBIM YTJIOBBIM KO3(duUIm-
eHTOM k u mpoxomsieit gepe3 Touky M (zo; yo);

yyl__?o = 51_—3;00 — ypaBHeHUe IPSIMOii, poxomsiei uepes nse Touku My (xy1;y1),
My (xo; yo) (cM. JIEBBI PUCYHOK);

2 + 7 =1 — ypaBHeHHe IPAMOIl B OTPe3Kax (CM. IIPABBI PIHCYHOK).
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1.2. CrenenHas QyHKITUS

Crenennont pyHKIIMEN Ha3bIBaeTCss QyHKIMS Buma y = . PaccMoTpuMm Bun
rpaduka cTeneHHON (PYHKIINN B 3aBUCAMOCTU OT YHUCTIA (V.

1. a =n (n > 2 — HaTypaJIbHOE INCIIO).
dyukuus onpeneneHa npu o6oM . ['paduk GyHKIIE IPOXOIUT Y€pe3 TOU-
Ky (1;1) u kacaercs ocu abcruce B Hauase KoopauHat. I'paduk GbyHKIIN TIpu

YETHBIX U HEUETHBIX 7 IMEET CJIGIIYIOH_II/Iﬁ BuUO.
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2. @ = —n (n — HATYpAaJIBHOE YUCIIO).
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dyuknus onpenenena npu Bcex r, KpoMme x = 0. ['paduk dpyHKxmmm mpoxoquT
yepe3 Touky (1;1). [Ipumepsr rpaduka dyukuuu npu n = 2, n = 3 un = 4
n300pakKeHbl HA PUCYHKAX.

3.a=r (r="=2,mun — B3AIMHO IPOCTHIC HATYPAJILHbIC YNCTIA).

PyuKIMS nMeeT HYIb B Hadajle KOOPAWHAT, a eé rpaduk IIPOXONUT Uepes
touky (1;1). [Ipu uéTHOM N dyHKIWS OmpeneneHa Ha MHOXKecTBe [0; +00), & mpu
HEYETHOM 71 — Ha MHOXKeCTBe (—00; +00). I'padukn QyHKIMIA Tpu pa3InIHbIX
m 7 n M300DaXKEHBI Ha, CIIEMVIOITNX DUCVHKAX.
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4. a=¢q (¢ =" <0, m un — B3AMMHO TPOCTEIE IeJIBIC YUCIA, 1 7# —1).

[Ipu uérrOM n dyHKIMS onpenerneHa Ha MHOX)eCTBe (0; +00), & TP HEIETHOM
n — #a MHO)KecTBe (—00; 0)U(0; +00). ['paduk dbyHKINN IPOXOOUT Uepe3 TOUKY
(1;1). l'paduku GyHKIUN TpU PA3IAIHBIX M U 1 M300PaXKeHbl Ha CIIELYIOIIIX
PUCYHKAX.

- w——

1.3. Iloka3aTenbHas QYyHKIIUA

[Tokasarenbroit GyHKIMeN HasbBaeTes yHKus Buna y = a* (a > 0, a # 1).
dyHKIUS onpeneieHa mpu ToooM . ['paduk GyHKIINM y = a” B 3aBUCIMOCTH
OT @ MMeeT CJIEOYIOINNU BUL.

7
Y=\ y=(0 7/\3 y=edy jy=2*

1.4. JlorapudmMmuueckas QyHKITAA

Jlorapudmuueckoit pyHkImenn HasbiBaeTcs GyHkims Buna y = log, x (a > 0,

a#1).
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Dyukrus onpenenena mpu x > 0. ['paduk pyukimm y = log, ¥ B 3aBUCUMOCTH
OT @ MMeeT CJIEOYIOINUU BUL.

1.5. TpuronomeTrpuueckue GyHKIINN

TpuronomeTpuwaecKuMu QYHKIIUSIMEA Ha3bIBAIOTCS QYHKIIUM y = Sinx, y =
=cosz,y=tgx, y=ctgw.
1. Cunyc y = sinx. Pyukmus onpeneneHa npu jgoboMm x. ['paduk dyHKIHII
IMeET CHEMYIOIINU BUI.
4
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2. Kocunyc y = cos x. @yHKIus onpenenesa npu jioooM x. ['paduk GyHKIIIN
nMeeT CJIEIYIOIINN BUL.

1
/\ = A—7
AN L RN
-7 Lo NZAL

3. Tanrenc y = tgx. PyHKIIUS onpeneneHa mpu JTIOO0OM X, 3a UCKITIOYEHTEM
TOYEK BUAA 5 + mn, n € Z. 'paduk GyHKIIEM UMEET CIeMYIOINi BUL,
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Y

y=tg x
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4. Koranrenc y = ctgx. PyHKImMs onpeneneHa mpu JIFOO0OM X, 3a UCKITIOUEHN-
eM ToueK BuAa mn, n € Z. 'paduk QyHKIINN nMeeT CIEIYIOIINA BUI.

|

y=ctg x

E7\
2

1.6. O6paTHbie TpuroHoMeTpuieckue QyHKITUN

O6paTHBIMI TPUTOHOMETPUYECKUMU DYHKITUSIMI HA3BIBAIOTCS QYHKIIUHT Y =
= arcsinx, y = arccosx, y = arctgx, y = arcctgx.

1. Apkcunyc y = arcsinz. ®yukuus onpenenena npu x € [—1;1]. I'paduk
OYHKIINT mMeeT CIIEeMYIOIINI BUI.

y=aresin x

2. Apkkocunyc y = arccos x. Pyukuns onpenenena npu r € [—1; 1]. I'paduxk
OYHKIIINI UMeeT CIACOYIOIINI BUII.
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e, e — ——— —— — —
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3. Apkramrenc y = arctgx. Pyukmus ompenesera npu mobom x. ['paduk
OYHKIINT mMeeT CIIEeMYIOIII BUI.

4. Apkkoranrenc y = arcctg x. Pyukius ompenennena mpu jgoboM . ['paduk
(pyHKIUM nMeeT CIenyIoIuil BIL.

1.7. I'untep6osuueckue PyHKINN

['unepbommueckuMu QyHKIUAMEI Ha3biBafoTcsa Gyukiun y = shz, y = chx,
y=thz, y =cthz.

1. T'unepbonuueckuit cuuyc y = shx = em_;_m. DyHKINS OmpenesieHa Ipu
moboM x. ['paduk GyHKIIT m300paxkKEH Ha JIEBOM PUCYHKE.
2. I'umepbonuueckuit Kocuuyc y = chx = % DyHKIUS OnpeneneHa mpu

moboM x. ['padmk QyHKIIMM M300paXEH Ha MPABOM PUCYHKE.
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9\
g A
=shx
l "
g 1 X
1 1 Pr—
-1 0 1 X
3. 'mnepbonuueckuii TaHTeHC iy = thx = f}ﬁ—i = Z:Liz:i DYHKIINS ONpenesieHa

npu grooom x. ['paduk ¢pyHKIIIT n300pakéH Ha JIEBOM PUCYHKE.
4. Tunepbommaeckuit koTaurenc y = cthr = 9L = €~ Dyukms ompe-
shz et—e
nestena pu Jr0b6oM x, kpome r = 0. ['paduk dyHKIIIU n306paxxéH Ha TpaBOM

PHUCVHKE.

[TpuBeném HEKOTOPBIE DOPMYIBI C TUTEPOOTUIECKIME (DYHKITUSIMIA:

ch(r +y) =chxchy+shxshy,
sh(z +y) =shxchy £+ chzshy,

13 KOTOPBIX IIPU Y = &, B YaCTHOCTH, CJIeAyeT

ch’z —sh’z =1, ch2r=ch?’z+sh’z, sh2r=2shzchuz.
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§2. DuemMeHTapHbIe Ipeobpa3zoBanusa rpad@ukoB GyHKITHA

[Iycts mocTpoen rpaduk dyukium y = f(x). PaccMoTpum, Kak n3MeHseTcs
rpaduk QYHKIME OpU ONpeneséHHOM mpeobpasoBarun GyHKimn f(z) wmm eé
apryMeHTa T.

2.1. CoBur BOOJIb OCU OpAMHAT

[Ipeobpaszosanue: f(r) — f(x)+ b.

Ilns mocTpoenus rpaduka Gyukinun y = f(x) + b HAOO cOBUHYTHL Tpaduk
byukunu y = f(x) mo ocu Oy Ha b enuuun BBepx npu b > 0, u Ha |b| equHUI
BHU3 TIpu b < 0.

IIpumep 1. [Toctpouts rpaduk Gyukuuu y = Jx + 2.

PEMEHUE. Crpoum rpaduk QyHKIMN i = /& U CIBUTAEM €r0 Ha 2 eINHAIbI
BBEPX.

g=W+Z
) ‘

- 417

Jo---
X

IIpumep 2. IlocTpouts rpadux dyukium y = 3° — 1.
PEmEHUE. Crpoum rpaduk ¢yuknmm y = 3° — 1 u coBuraem ero Ha 1
eOUHUITY BHU3.
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2.2. CaoBur BHmoJsib ocu abcuucc

[Ipeo6pasosanue: f(x) — f(z + a).

Ilns moctpoenns: rpaduka Gyukmun y = f(z 4+ a) HAOO COBUHYTHL Tpaduk
dyukunu y = f(x) mo ocu Ox Ha a enumuui BiIeBo mpu ¢ > 0, u Ha |a| equHUL
BpaBo npu a < 0.

ITpumep 3. IlocTpouts rpaduk GyHKIIMN 3§ = /T — 2.

PEmEHUE. CrponM rpaduk GyHKINE y = /& — 2 W COBUTAEM €ro Ha 2
€OUHUIIBI BITPABO.

9

0 2 X
ITpumep 4. IlocTponts rpaduk bynxmm y = log s(z + 1,5).

PEMEHUE. Crpomm rpaduk dyskmun y = log, s u coeuraem ero Ha 1,5
EMUHUITH BJIEBO.
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y=lag0,5(x+1,5

2.3. PacTsaxeHue u cxkaTue BOOJIb OCU OPIAWHAT

[Ipeo6pasosanue: f(x) — kf(x) (k> 0, k #1).
[Ipu k > 1 rpaduk dyukuum y = kf(x) nomygaercs u3 rpaduka QyHKIIT
y = f(z) pacrsaxennem B k pa3 Buosnb ocu Oy ot ocu Ox (CM. JI€BbIl PUCYHOK ).
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[Ipu 0 < k < 1 rpaduk dyukunu y = kf(x) nomywaercs u3 rpaduka QyHK-
i y = f(x) cxkaTuem B % pa3 Broiib ocu Oy K ocu Ox (CM. IPABBIN PUCYHOK ).

y y *
4 Y=2F(x]
7 y=fix) Z y=rty
-t
; Y= 7 fix}
—7-5 a1 X ~5 o 1 X

2.4. PacTsaxeHune u cxxaTtme BOOJIb OCU aOCIIMCC

[Ipeo6pasosanue: f(x) — f(kx) (k> 0, k #1).

[Ipu k > 1 rpaduk dyukuuu y = f(kx) nomygaercs u3 rpaduka QyHKIIT
y = f(z) cxaruem B k pa3 Bmons ocu Ox x ocu Oy (CM. J€BBII PUCYHOK).

[Ipu 0 < k < 1 rpaduk dyukunu y = f(kx) nomygaercst u3 rpaduka QyHK-

i y = f(x) pacTsakeHuem B % pa3 Bronb ocu Ox k ocu Oy (CM. IpaBBIN
PUCYHOK).
yp 7
3| y=flzx)
7 y=Frx)
N NG
3 e 0| 12 X % %3 0] 12 X

2.5. CI/IMMeTpI/I‘—IHOG OoTpaxeHnne OTHOCUTEJIbHO OCH OoOpaAuHAaT

[Ipeobpaszosanue: f(x) — f(—x).
['paduk dyukuun y = f(—) momydaeTcs CAMMETPUYHBIM OTPaXKeHneM I'pa-
duka pyuxuu y = f(x) orHOCUTENBEHO Ocu Oy (CM. JEBBIT PUCYHOK).

2.6. CuMMeTpPHUYHOE OTPaAXKEHNE OTHOCUTEJILHO Ocu abcCIimce

[Ipeo6pasosanue: f(xr) — —f(z).
['paduk dyukuun y = — f () momydaercs CAMMETPUYHBIM OTPaXKeHneM I'pa-
dbuka pysxmuu y = f(x) orHOCUTENBEHO Ocu O (CM. MPABBIN PUCYHOK).
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yA gk

A
0 X
-2 y=_’clx)

2.7. Monyns dyHKIIUIN

[Ipeo6pasosanue: f(x) — |f(x)].

Iliist noctpoenus rpaduka dyukuun y = | f(x)| HAIO OTPA3UTh OTHOCUTEIHLHO
ocu Oz wacTb rpadumka dyukunu y = f(x), pacnomoxenuywo Hmxke ocu O,
ocTajibHasg YacThb rpaduka ocTaéTcs 0e3 U3MEeHEHN .

¥\
Y =IF(x))

\ ,\(g =f/x),%~_/ S X

\ V4
~N 7

ITpumep 5. [loctpouts rpadux Gyukuun y = |1gx|.
PeEmEHUE. Crtpoum rpaduk dyukuuum y = lgx, a 3aTeMm vacThb rpaduka,
PACIIOIOKEHHYIO HIXKE OCU abCIMCC, CAMMETPUIHO OTPaXKaeM HaBepX.

YA
Yy=lgx

Ju=1g9 x
/
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2.8. Monynb aprymeHTa

[Ipeo6pasosanue: f(x) — f(|x|).
Ipaduk pyukmnuu y = f(|z|) crpoutcs mo rpaduxy dyukmuu y = f(x) cie-
IYIOIIAM 0Opa3oM:
1) BCc&, uto nesee ocu Oy, UcUe3aET;
2) Bcé, uro mpasee ocu Oy (BKIIOUAst TOUKY HA OCH), OCTAETCS;
3) mpaBast 9aCTh CUMMETPUYHO OTHOCUTENBbHO ocu Oy OTpaxkaeTcs HaJeBo.

g =£mx) 2

ITpumep 6. [locrpouts rpaduk dyuximu y = arcctg |x|.

PeEmEHUE. Ctpoum rpadpuk dyukiuu y = arcctg x. CorsacHo mpuBenéHHO-
My aJITOPUTMY: jieBas 4acTh Ipaduka GyHKIUN Yy = arcctgr mcuesaer, a mpa-
Bas 4aCThb OCTA&TCA U CUMMETPUYHO OTpaxkaeTcs Hajeso. [lomydaercs rpadux
byukum y = arcctg |x|.

——mmn o — | A ———————
N~ &
y=arcctgix| \2\y=arcctg X
1 S
a1 1 X

2.9. IlocTpoeHue rpadbukoB QYHKITAN C TIOMOIIILIO 3JIEMEHTAPHBIX Ipe-
o6pa3oBaHUM

[TocTpoenne rpaduka dyukuuu y = cf(ax + b) + d cBomuTcs ¥ psmy mpe-
obpasoBaHUil (COBUT, CXKATUE, OTPAKEHNE,...) Tpaduka dyukuun y = f(z).

OneMeHTapHbIE TTPEOOPA30BAHNS PACCMOTPEHBI B MPEOBIAYIINX MyHKTAX U
CBefleHbI B enuuyio Tabauiy (cMm. Tabmumy 220. ).

[TpencraBum pyHKIUO ¥ B BuAe iy = cf [a (:z: + g)] +d.

W3 Taxoro mpencTaBieHns ClIenyeT, ITO I TOCTPOeHne Tpaduka 3To PyHK-
I JOCTATOYHO MOCTPOUTH rpaduk QyHKImT y; = cf [a (x + g)} s mo-
cTpoeHus rpaduka QyHKINN Y; OOCTATOYHO IIOCTPOUTH Ipaduk QYHKIUN Yo =
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=f [a (:z: + g)} . B cBoto ouepens miis moctpoenus rpaduka GyHKIIUNA 1y OOCTa-
TOYHO TOCTPOUTD Tpaduk dyukimn y3 = f(axr). Utak, nis noctpoenus rpaduka
dyukiun y = cf [a (x + g)] + d mamo ¢ rpadukom dyukuun f(x) mpoussecTu
clleqyroiie npeodpa3oBaHUs.

1. CxaTb wmu pacTssuyTh rpaduk dyukuuu f(x) Bomonas ocu Oz, eciau a > 0;
CIMMETPUYHO OTPA3UTh OTHOCUTEIBHO ocu Oy U CKAaTh WU PACTIHYTH BHOJb
ocu Ox, ecnmu a < 0.

2. CI[BI/IPII)YTB o ocu Ox Hony;{eHHbH‘/’I rpaduk pyukiuu f(axr) Ha ‘2‘ eHUIT
Bj1eBO ipu ~ > 0 u Bopaso npu - < 0.

3. CkaTb WU PACTIHYThb MOJIYICHHBIN rpaduk GyHKun f [a (x + g)} BIIOJTb
ocu Oy, ecnmu ¢ > (0; CUMMETPUYHO OTPA3UTHL OTHOCUTETHLHO ocu Or U CXKAaTh
U PacTSHyTh BHoib ocu Oy, eciu ¢ < .

4. COBUHYTH MOy YeHHBIT T'paduk QyHKINY ¢ f [a (x + g)] Ha d eNUHUIT BBEPX
npu d > 0 u Ha |d| equann BHU3 npu d < 0.

[TocenoBaTeTLHOCTE 3TUX MTPEOOPA30BAHUI TPU TOCTPOeHNN rpaduka QyHK-
i y = cf (ax 4+ b) + d MOXHO NPENCTABUTH CUMBOJINYECKN B BUIE [ETOYKNU:

f(z) = flaz) — f [a (%2)] = flaz +b) — cf (az + b) — cf(azx + b) + d.

Ha nmpakTuke ynobuee moctpoenus rpabuka Gyukuun y = cf(ax + b) + d wauun-
HATH C HAIMCAHUA EIOYKIL:

cflaz +b)+d— cf(ax+b) — flax+b) = f [a <x—l—g>] — flaz) — f(z).

OTcronma BumHO, Tpaduk Kakon GYHKIINNA B DTON HEIOYKe SIBJISeTCsS 0a30BBIM sl
MOCTPOEHUS rpaduKa MOCHEnYIoen QyHKINN.
ITpumep 7. [ocrpouts scku3 rpaduka Gyukimm y = logs(1l — 2x).
PEMEHVE. Hanwmiem 1ernouky mpeoOpa3oBaHUIA:

1
logs(1 — 2x) = log, [—2 (:z: — 5)] — logz(—2x) < logz(2x) < logs .

Nrak, nocrpoerne sckusa rpaduka Gyuximun y = logs(1l — 27) maunmaeTcs c
nocTpoeHus rpadumka y; = logsx, 3aTeM cxaTusi 5TOTO rpaduka BIOIb OCH
Ox B mBa pasa, 3aT€M CUMMETPUYHOTO OTpaxKeHus OTHOocuTenabHO ocu Oy wu,
HAKOHEII, CIBUra IIOJIyYeHHOrO rpaduka Ha % eMUHUIBI BIPaBO BOOIbL ocu Ox
(cM. pucyHK™H).

3ameuanwne. [I1g n3dexanns omnOOK TPy HOCTPOEHNN I'PadDUKOB, TOTIEPK-
HEM, YTO BEIMYUHA COBUTA BHOJIL ocu O ONpPEmeTsieTcss TeM UNCIOM, KOTOPOe
pubaBIIIETCS HEMOCPENCTBEHHO K apPTYMEHTY T, & He K aprymeHTy az. [losTomy
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0 ! z of1r1 z
2
y=l0gy y = log,(2z)
Ay Ay
|
|
!
H
|
1 . L
-1 _1\ |0 z 0 i1 1 =z
:2
y=log,(-2z) y=togy(1-2z)| \ |
|
|
|

IIJIST HAXOXKOEHIsI DTON KOHCTAHTHI BhIpaxKeHne ax + b cHadasia mpeobpasyeTcs K

BUOY G (x + g)
IIpumep 8. IlocTpouts 5cKku3 rpaduka GyHKINT Yy = arcsin
PEMIEHVE. Hanwmirem 1ernouky mpeoOpa3oBaHUIIA:

T — 2

r—2

3

1 1
arcsin = arcsin [5 Sz — 2)] «— arcsin (5 : x) — arcsinz.

OcKu3bl TPa(UKOB IPUBEIEHBI Ha PUCYHKAX.
12|z
3

.

ITpumep 9. IlocTpouts 5cKku3 rpaduka GyHKINT Yy = arccos ‘

PEMEHUE. Hanumem renodky mpeoOpa3oBaHUIA:

1 —2|z|| +>0 1 — 2|z
arccos arccos | ———| =
3 3
2 1 2 x>0 2
= arccos |z | ¥ — 3 || ¢ arccos |z - | < arccos | - | < arccosa.
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: Ay
y=arcsinz
r—— ——— el — —— — — — —— —

i | '”/2 |

I ! {

|3z (1 0L—2 2

| '/ |
—_t J

w -n/2 /
~ y-arcsmj.z: 7 -arcsin[‘-i(x-zj
OCKu3bI TpaUKOB M300PaAKEHBI HA PUCYHKAX.
y Ay Ay

- ""“T,‘,'T"‘l
N

y=arccos '-g{a:- -zl )' B

4
2
! L £
Bk IR ]
- . W W ! i -
I i | 01 3 2z -2 1 {0 1 2z
2 2 2 Z 1- 2!
y =arcos x yaarccos!"j"'!

IIpumep 10. [TocTpouTs scku3 rpaduka GyHKIUNT y = /8 — 4.
PEMEHKE. 3amnuireM 3a0aHHy0 QYHKIIIIO B BUIE

y=vV8—4dr =2/—(zr—2).

Y0681 mOCTpONTh Tpaduk 3ToW GYHKIINM, HYXKHO cHadaiga rpaduk QyHKIT
Yy = 24/T CHIMMETPHUYHO OTPA3UTh OTHOCUTEILHO ocu Oy, a 3aTeM COBUHYTH
HOJTy YeHHBIN IpadyK HA 2 €NUHUILI BIPABO (CM. PUCYHOK ).

A
J=oHx2]
\\\\ y=2Vx
Y=2VN
\\1—

0| 2 X

IMpumep 11. [ocTponTts 5cku3 rpaduxa GyHKIHT y = sinx + /3 cos z.
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PEMEHME. BrmomgHuMm npeobpal3oBaHUs:

1 3
sinac—l—\/gcosx =2 <zsinx—|—\2[cosx> =

(o] soxemn) - 2n(c+
= S1N & COS — cCosxrsin— | = Sin — 1.
oS veltg S

Takum 06pa3zoM, HYKHO IOCTPOUTE rpaduk dyHKINI y = 2 Sin (x -+ %) D10 —
rpadux GyHKIME i = 2Sinz, CMEIIEHHEIT Ha 3 BIEBO (CM. PHCYHOK).
yA

5

Lo\ Y=25tn(x+ 3-)
\ 1-’\ /
- 11 i ] —
3 2

2x—3

rz—1 "

IIpumep 12. [TocTpouTs dcku3 rpaduka QYHKIIAKN § =
PENMEHUE. BrmomanM mpeobpa3oBaHUs:
20 -3 2@-1)—-1 1

— 2 — )
r—1 r—1 r—1

_ 1
Taxmv o6paszoM, HYKHO HOCTPOUTE Tpaduk QyHKIME § = ——7 + 2. D10 —
rpaduk rUnepGoNbl Y = — 1, CMEIEHHEL! Ha eIMHUIY BIPABO I HA IBE eIMHHIIbL
BBEPX (CM. PUCYHOK).

ITpumep 13. IocTpouTs 5ckn3 rpaduka GyHKmmn y = 222 — 8x + 5.
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PEMIEHUE. IIpeobpa3yem kBagpaTHBI TPEXUIECH:

2

MTak, Hy:XHO TTOCTPONTH Tpaduk byHkimn y = 2(z — 2)? — 3. D10 — rpadux
mapabosbl y = 222, CMEIEHHBIN Ha B eIMHUIEL! BIPABO U HA TPU CIUHUIEI
BHI3 (CM. PHCYHOK).

5 3
2x2—8x+5:2<x2—4x—|——> :2<x2—4x—|—4—§> =2(z —2)? - 3.

y=2x%-8x +5

Y

_3 e e

Baﬂa‘II/I OJIsI CAMOCTOATEJIBHOT'O pellleHM A

[TocTponTs Trpaduk QyHKIIN:

1. y =4z +8§;

2. y=—5+2;

3. y=3r—2;
4.y = |zl;

5.y =,

6.y =2+ 1

7.y =—|5x +2[;
8. y=|z|+3;
9.y =|z|+ x;

10. y = 5 + |z[ — 1;
11. y = 5 (lz + 1] — |z = 1]);
12. y = 22 4 2;

13. y = —22 + 3;
14. y = 222 + 1;
15. y = |4 — 2?;

16. y = —4a? + 1;
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17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.

54.

y=(z—4)%
y=—(z+1)*
y=(r+2)-1L

y=(@@—-27+1;
y=1-3(x—3)%
y=ax>—4r+1;
y = 2> — bx + 6;
y = a2+ 2z — 3;

y = 3x — 12

y = 222 — 4a;

y =4 — 22% — 2x;
y = 4x — 2% — 3;
y = 2[z| — 2%

y = x|z —1f;

y = |2% — 3z — 4;

y= (v —1)(1— |z|);
y = v —a*—1;

y=2z"nupun=3,4,51 1

19139

y=VitT
Yy =+1—4xz;

y— VI T
y=+v/8xr —1;
y=1—2x+ 1;
yzfnpmkzl,—l,%;

y=5+2

Yy=—3— L4
y=3-12
y=1+
y=2-— 34
y=—=—1
y=—7r3—3;
y = 42
y=;g;
V= ay
TR
TRy
Y= "1

y = |£23];
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55. ¥ = |35 ;
56. y = |53
57. y = éff',
58. y = 37
59. y = 3l
2244
60. y |3mi5|’
61. y = =
62. y ﬁ
63. y = =2,
64. y = a” pu a = 2,%,3,
65. y = 3°7%;
1\z+3
66. y = (%) ;
67. y =521
68. y — —2% 1,
z+1
69.y=—(3)
_ (1\6-3z
70. y = (g) —2;
71. y =35 — 2;
72,y =22 — 1
73.y=2—3"7;
2z—1
T4.y=2-(3)"
75,y =22 1 1;
76. y = al®l mpu a = 2, %;
77. y =log,x ipu a = 2, %, 10;
78. y = log%(Q:c —3);
79. y = logy(z — 2);
80. y = log1(3 — 2z);
81. y = —logs (% +1);
82. y = %log%(él — 3x);
83. y =logi(2z — 5);
84. y = logy(—1);
85. y = logy |z|;
86. y = log: 13 — 2x|;
87. y = log, |x + 2;
88. y = |log(4 — 3z)|;
89. y = [log; (2 5)|;
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90.
91.

y = [logy [3z + 4]];

y = sinax opu a = 1,2, 2

=

737 29
92, y =cosar mpu a = 1, 2 %,
93. y = ctgaxr nipu a = 1,2,%
94. y = tgax ipu a = 1,2,%,%
95. y = cos %x + 1;
96. y = 1 tg =
97. y = 2sin 3z + 1;
98. y = %coswx — 1
99. y = ictg R
100. y = —2secy, roe secw = Colsm;
101. y = %cosec 2z, Toe cosecT =
102. y =1 — 2sin7z;
103. y = cos (x + %);
104. y = tg (5 — 2);
105. y = 2sin (x— )+ 1
106. y = |ctg (z + Z)|;
107. y = 3sin (2:1:+ 2);
108. y = —2cos (2 + %);
109. y = 2sin (7‘(’3] — %),
110. y = ctg (£ + &);
111. y = sinx + cos x;
112. y =sinx — \/§cos T;
113. y = |sin 3z|;
114. y = sin® z;
115. y = cos? z;
116. y = arcsin(z + 1);
117. y = arccos(x — 2);
118. y = arcsin(3x + 1);
119. y = — arcsmg”T1L2
120. y = 1 arccos(2z — 3);
121. y = 2arctg(2z — 1);
122. y = — arcctg(4x — 1);
123. y = 3arcctg(3x + 1);
124. y = 2 arccos 1_Tx;
125. y = —3 arcsin 23%;
126. y = %arccos 2z — 32;
127. y = 2 arcsin 2z + 33.
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§3. Ockm3mpoBaHue rpad@ukoB QYyHKITHAN
3.1. I'padpuk npoGHO-JIMHENHON (PYyHKIIUNT

HpobHo-uHelTHOW (QYHKIIEH Ha3bIBaeTCs GYHKIIASI BUIA

ar + b
y=—, c#0.
cr+d
Ecnmu uncnurens n 3HAMEHATETH OPOOHO-TMHENHON QYHKIINT UMEIOT OOIITIi
MHOXUTEJIb T — (, TO QYHKIINS BCIOAY, KPOME TOUKU T = —%, €CTb IOCTOSTHHAS
< u rpaduK e nMeeT BuJ, n300paxKEHHBI Ha pucyHke. OOpaTuTe BHUMAHUE HA
Y
a
c
e
!
]
—4- —g-
_d 0 z
C

oTau4ue 5Toro rpaduka or rpadpuka QyHKINN Yy = %

azr+b

Hanee mpenmosaraeM, 4To paccMarpuBaeMas ApoOb ¢

ecThb bc # ad. Ilpeobpasyem npobb.

HECOKpaTUMa, TO

ar +b «a w a k

=—+ =+ .
cx+d ¢ x—l—% c x—i—%

o o _a k _k
['paduk npobHo-muHelHON QyHKIMN § = ¢ + e runepbosa y = -, CIBU-

HyTas mo ocu Ox Ha !%‘ BIIPABO MJIX BJIEBO B 3aBUCUMOCTH OT 3HaKa Ipodu % u
mo ocu Oy Ha ‘%’ BBEDX WJIM BHU3 B 3aBUCUMOCTH OT 3HaKa Ipodm ¢.

Taxum 06pa3zom, I9TOOBI TOCTPOUTH HCKU3 rpaduka MpOOHO-TIMHENHON (QYHK-
U7, TOCTATOYHO 3HATH €€ aCUMIITOTHI U PACHOJIOXKEHNE OTHOCUTEIBHO HUX Of-
HOU U3 BeTBeW TrumepbOJibl, TaK KaK BTOpas BETBb CUMMETPUYHA HEPBOUM OT-

HOCHUTEJ/ILHO TOYKM II€EpEeCE€YCHUA aCHMIITOT. AcuMmnroraMu ABIIAIOTCA IIpsMbIE

T = —% 1y = ¢, HOJIy9eHHBIE COOTBETCTBYIOIIMM COBUIOM aCUMIITOT KPUBON
Yy = =, a NOJIOXKeHNe ONHOU U3 BeTBEN onpenenaseTcs, HallpuMep, TOUKON Iepece-

UIeHI/IH runepbossl ¢ ocbio Oz umu Oy.
IIpumep 1. I[locTpoutsh rpadux QyHKIIAN ) =
PEMEHVE. AcuMmnToTaMu DaHHOTO Tpaduka q)yHKLH/IM SBJISIIOTCSL TIPSIMBbIE

r=—-2=3ny= ll = —2. Touka nepeceuenus: Tunepbosbl ¢ ocbio Oy ecTh

-1
touka (0;y(0)) ( % CrpouMm scku3 rpaduka QyHKIIIN.

2:c+1
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i |
:
] 2x+1
Iy J"X
|
|
|
|
il |
J |
03 X
2 | L
= T
i
|
|
|
|
|
|
|
|

3.2. I'paduk anrebpamueckonn pyHKIIUN CIIEITAAIIBHOTO BUOA

PaccmoTpuM asroput™ mocTpoenus rpaduka GyHKIUMN BUIA,
y=(x—b1)"(x—b)"™...(x — by)™.

[Tpu mocTpoennu scku3a rpadrka DAHHOW PYHKIINN B OKPECTHOCTU TOYKH b;
(i=1,2,...,k) 5Ty QYHKIUIO NPEICTABIAIOT B BUIE

y = (x —b;))"h(x), toe h(b;) # 0.
Torna ucxonuas dyukims umeerT B Touke (b;;0) BEPTUKATLHYIO WU TOPU30H-
TaJIbHYIO KACATENIbHYIO OMHOBPEMEHHO ¢ rpadukoMm dyukuuu y = (x — b;)%.
IMpumep 2. ITocTpouTs scku3 rpaduka dynkunm y = z2(z — 2)(z + 1).
PEMEHUE. O6acTh Onpenesiennst — BCsl YUC/IOBast OCh, TOUEK Pa3phiBa HeT.
dyukmusg obpartaercs B Hynb npu r = 0, v = 2, x = —1.
Ncenenyem mosenenne GyHKINN B HYJIAX:
ecmn x — 0, 0 2%(x — 2)(z + 1) ~ —22%
ecmn x — —1, 1o 2%(x — 2)(x + 1) ~ =3(z + 1);
ecmn v — 2, 10 22(z — 2)(z + 1) ~ 12(2 — 2).
Nccnenyem mosenerne GyHKIUN Ha 6ECKOHEIHOCTH:
ecimu ¥ — 400, To 22(z — 2)(x + 1) ~ 2%
ecmn ¥ — —o0, 10 22(x — 2)(z + 1) ~ 2.

HarocuM momyueHHbBIE pE3yNbTATH HA PUCYHOK W OTIETbHBIE YaCTU I'paduKa
(B cuiTy HEIPEPBIBHOCTH) COEMUHSAEM CILIONIHON JIMHUEI.
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']
y==3x+1)| y=x¥x-2)(x+1)

/
\’I \\ \‘l}/
"11
|

Bameuanue. Vmes scku3upoBaHus rpaduKOB COCTOUT B TOM, YTOOBI COCII-
HSITh CILJIOLIHOM JIMHUEH He OTAENbHBIE TOUKN IpadrKa, & OTAEIbHBIE €10 YacTH
(kyckm).

IIpumep 3. [locTpouTs >ckms rpaduka dyrxnm y = 23/ (v — 2)2.

PEmMEHUE. O6acTh onpenenenns — BCs YUCIOBast OCh, TOUEK Pa3phbIBa HET.
dyuknus obparraercs B Hyib ipu ¢ = 0, © = 2.

Uccnenyem noBenerme GyHKIINN B HYJIAX:

ecmn x — 0, To 22/ (x — 2)2 ~ V4 z?;
ecmn x — 2, 70 25/ (1 — 2)2 ~ 8¢/ (1 — 2)2.

Wccnenyem nopenenue GyHKIINT Ha OECKOHEUHOCTH:
1
ecin x — +00, To 23/ (. — 2)2 ~ @
33 D) g
ecin & — —00, T0 x°v/ (v — 2)? ~ 3.

9\

w2

)

y=x'V(x-2)?

/

j o\

T+ \ y=8¥(x-2)?

0 | -
T 2 X

y=i/4—x;

IIpumep 4. IloctpouTts sckus rpaduka dyskmun y = /(1 — x)(1 + ).
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PEmMEHUE. O6nacth onpenesnenus GyHKIMI HAXOIUM, PEIlas HEPABEHCTBO
r(l—x)(14+x) > 0, otkyna x < —1, 0 < = < 1. Hynu pysxnun — Toukn x = 0,
r=1 z=—1.

Uccnenyem nosenenune GyHKIIN B HYJIISIX:

ec & — 0+, 10 /(1 — 2)(1 + 2) ~ V/7;
ecn & — —1—, 10 \/x(1 — 2)(1 4+ ) ~ \/—2(z + 1);

ecmn £ — 1—, 10 \/x(1 — 2)(1 + ) ~ /=2(z — 1).

Wccnenyem nopenenne GyHKIINT HA MUHYC O€CKOHEUYHOCT:

ecin & — —00. To A/x(1 — )1 + x) ~ /—a3.

g\
y=Vx(1-x)(1+x)

ITpumep 5. [octpouts s5cku3 rpaduka Gyukinuu y = /(2 — x).
PEmEHUE. O6sacThb onpenesenns GyHKINNT HAXOMNUM, pelllas HEPABEHCTBO

x(2—x) >0, orkyna 0 < x < 2. Hynmu dysxmun — touku x = 0, © = 2.
Ncenenyem nosenenne GyHKIIUN B HYJIAX:

ecma © — 0+, T0 /(2 — ) ~ V2/x;
ecmn © — 2—, 10 /(2 — ) ~ V2v2 — z.
A
g=g/27>c:/y=vz_‘92—x
N7 y=Yx(2-x)
V.
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3.3. I'paduk ciioxxkHON QYyHKIIU

Iliis mocTpoenus scku3a rpaduka cioxHoit dyukuun y = f(g(x)) crposr
rpadukn dyukuuit y = f(x) u g = g(z). 3aTemMm HEOOXOMUMO OTHEIBEHO PACCMO-
TPeTh YyYACTKU MOHOTOHHOCTHU (ai;ap+1), k = 1,2,..., dyukuun g = g(x). Ha
KasKIIOM 13 YYaCTKOB MOHOTOHHOCTH (ag;ajy+1) GyHkmmu g = g(x) paccmarpu-
Baercs dyukius y = f(g). B cayyae HEOOGXOMUMOCTH yYIaCTOK MOHOTOHHOCTH
(ak; agr1) menures wa Gosee mernkue (by;by1) Tak, yrobbr Gyukius y = f(g)
ObLta ompeneniera u MoHoTOHHA Ha yuacTke (g(b;); g(biy1)). Pesymprarsr ucce-
TIOBAHUM 3aHOCAT B TaOJIMUILY.

x (a; D) YuaacTku MOHOTOHHOCTH QYHKINN ¢ = ¢(T) ¢
YUETOM MOHOTOHHOCTH U OOJIACTY OIIPEIESIeHU ST

bynxnmn y = f(g)

b) YkasbiBaeTCs u3Menenne GyHknun g = g(r) Ha
b) yuacTke (a;b) (yObIBaHUE MU BO3pACTAHIUE)

f(g(b)) | YraseiBaeTcs usmenenne dyukiuu y = f(g) Ha

(
fg(a)) \ flg(b)) | yaacrxe (g(a); g(b)

IIpumep 6. I[locTpouts 5cKkm3 rpaduka GyHKINN y = 2%
PEMEHUE. ['paduku GyHKImin g = % u y = 2% cM. Ha puc. a), 6). Pyukuus

y = 23 ompeneneHa Ha OGbEIMHEHIN MHOKECTB (—00;0) u (0;+00), TO ecTh Ha
muOKecTBe (—00;0) U (0; +00). Ha MmuO)ecTBe (—00; 0) dyHKIms g(x) MOHOTOH-
HO cTpeMuTcs K 0 Ipu £ — —00 M MOHOTOHHO CTPEMUTCS K —oo mpu & — 0;
Ha MHOKecTBe (0; 4+00) dyHKIUA ¢(T) MOHOTOHHO CTPEeMUTCS K +00 npu & — ()
1 MOHOTOHHO cTpeMuTcda K 0 mpu & — +oo. Orcioga cienyer, 4To GyHKIUS
y = 29 onpenernena ua MHOX)ecTBe (—00;0) U (0; +00). Ha mHON)KeCTBE (—00;0),
KOTI& T CTPEMUTCA K —00, QyHKINS § = 29 CTPEMUTCS K €OUHALE, OCTABAiLCh
menbiie 1, a korma © — 0, To crpemurcs Kk 0. Ha muoxectse (0; +00), xorma
xr — 0, dyskmus y = 29 crpeMuTes K +00, a Korga £ — +00, TO CTPEMUTCS K
enuHuIe, ocTaBasick Gonbine 1. Temepb pucyem scku3 rpaduka QyHKIUN § = 27
(cM. puc. B)).

gf 9
7 z
g7
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3ameuaHme. Pe3ynbTaThl UCCIIENOBaHUS MOJIE3HO CBECTH B TAOJIUILY W IO-
TOM CTPOUTH I'paduK.

x —o00 /0|0 /7 +o0 | YuacTkn MOHOTOHHOCTH
dysKIIINT 1

T

g Z% 0\, —00 | 00 \, 0 | Usmenenwe ¢(r) ma >THX
yIacTKax

y=2:] 1,0 |+oo\, 1| Usmenenne y = y(g(z)) ma
STUX yUACTKAX

Ipumep 7. [ocTponts sckus rpaduka Gynkmmm y = log: (22 + ).

PEMEHUE. [TocTponM rpaduk GyHKIHN ¢ = o2 + T 0 Yy = log% g (cMm. puc.
a) u 6)). Tak kak pu —1 < z < 0 GyHKIUg ¢ = ° + 7 He MONOKUTETbHA (DHC.
a)), To QyHKIUS Yy = log%(:z:2 + ) ompenenena ipu € (—oo; —1) U 0; 4+00).
CocTaBuM TabIAILY.

x —o00 /=1 | 0 "+
g=2>+2| 4+oo\,0 0, +o0
yzlog%g —00 /" 400 | +00 N\, —00

Ctpoum >cku3 rpaduka QYHKINN § = log%(:zs2 + x) (cM. puc. B)).

) by 5) hy 5)

-1-¥5 -1+
Y _ 2 2 -
z |07 g -1 o \z
9"”2"2: y=logy, g

- —— w— G e W= — ————V— V— —— V-

y=16gy,(r*e2)

3.4. Kpussbie, 3a/1aHHbIe TTapaMeTpPUAYECKU

Kpupoii, 3ananHoil mapaMeTPUIECKN, Ha3bIBAETCS MHOXKECTBO TOUYEK TTJIIOCKO-
ctu xOy, KOOPANHATHI KOTOPBIX OMPEIENISIOTCS 13 COOTHOIICHIH

IpU KaxKIOM (PUKCHUPOBAHHOM 3HAUYCHWH 13 HEKOTOPOTO MHOXKeCTBa 1.
PaccMOTpuM ypaBHEHNS HEKOTOPLIX KPUBLIX B IMAPAMETPHIECKON (hopMe.
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OxpyxHocThs 22 + y?> = R?. O60o3HaumM depe3 t yroi, o6pa3OBaHHBINA pa-
IIIYCOM, TIPOBENEHHBLIM B HEKOTOpYI0 Touky M (x,y) okpyxkuocTu u ockio Ox.
Torma xkoopouHATHI JIF000 TOYKM OKPYKHOCTHU BBIPA3ATCS depe3 mapamerp t

I\

X2 +y?=R?

&

CIIeMyIOIUM 0Opa3oM:
xr = Rcost, y= Rsint, 0<t<27.
OTO mapaMeTpudeckKoe ypaBHEHIe OKPYKHOCTH.

2 2 .
Ommune o5 + 5—2 = 1. KoopouHaThl 100001 TOYKU SILIUIICA BHIPA3ATCS depes

mapamMeTp t clemyonmM o0pas3oM:
xr=acost, y=>bsint, 0<t<2m.

910 IIapaME€TPHUYIECKOE YPpaBHCHHUEC SJIJINIICA.

2 2
['mnepborna & — 4 =

r=uacht, y=>0bsht, —oo<t<+00.

OTO mapaMeTpuIecKoe ypaBHEHUE TUIEPOOJIHI.

st mocTpoeHnst 5CKM3a KPUBOW, 3aJaHHON MapaMeTPUIECKN Ha TJIOCKOCTH
xOy, HEOOXOOUMO OTHETHHO PACCMATPUBATD YIACTKI MOHOTOHHOCTH (1), a 3a-
TeM IIPOBOOUTH PACCYXKIOCHUs, AHAJIOTUYHBIE TE€M, KOTOPBIE IIPOBOIASATCS IIPU Pac-
CMOTPEHNU CIIO0KHON (PYHKIAMN.
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[Iycts t Bozpactaer. Torma, eciu x(t) u y(t) BozpacTatoT, TO OBIKEHUE IO
KPUBOI TPOMCXOAUT HANIPABO BBepX; eciu x(t) yobiBaeT, a y(t) Bo3pacTaer, TO
IBIZKEHIE [0 KPUBOI IIPOMCXOMUT BIIEBO BBEPX U Tak majee. Ecmm mpu t — tg
uMmeeM T — a, a y(t) crpeMuTcs K GECKOHEUHOCTU, TO KPUBAS MMEET BEPTU-
KaJIbHYIO acCUMIOTOTY & = a. Kemm mpm t — ¢y mmeem, uro x(t) cTpemMuTes
K Geckoneunoctn, a y(t) — b, TO KpuBas uMeeT TOPU3OHTAIBHYIO aCUMITOTY
y =b.

Taxum obOpa3oM, OJIT HOCTPOEHMUsS SCKM3a KPUBOM, 3aaHHOU HapaMeTprde-
CKI, BAXKHO TOYHOE OIPEIEsICHIE yIaCTKOB MOHOTOHHOCTH GyHKIuUH (t) u y(t).

IIpumep 8. ITocTponTs 5CKmM3 KpUBOH & = acos’t, y = asin®t, a > 0.

PeEmEHUE. Tax kax Touka (z(to + 27);y(ty + 27)) coBmamaeT ¢ TOUKOM
(x(to); y(to)), To mocTaTouHO paccMaTpuBaTh t Ha mpomexyTke [0; 27). [locTpo-
M 5CKu3bl TpadukoB Gyukmit x(t) u y(t) (cm. pucysku a) u 6)).

Y

g,

y=asin’t

[TpomexyTkamu MouoToHHOCTH Z(t) sBisttorcst maTepBaibl (0;7) u (7 2m).

Korza t pactér or 0 no 7, HBMXKEHHE IO KPHUBOI IPOUCXONUT BJICBO BBEPX OT
roukn (2(0);y(0)) = (a;0) no Toukn (z (%) ;y (%)) = (0;a). Korna ¢ pacrér ot
5 IO T, OBUKEHHE TI0 KPUBOW IPOUCXOOUT BJEBO BHU3 N0 Toukm (x(m);y(m)) =

= (—a;0). Korna ¢ pactér or 7 10 27, IBIKeHNe 10 KPUBOIl IIPOUCXOIUT BIPABO
BHU3 OO TOYKU (x (37”) ;Y (37”)) = (0; —a). Korma t pactér ot 37” IO 27, IBUXKE-
HI€ TI0 KPUBOIT IPOUCXOIUT BIPABO BBEpX 1m0 Touku (x(27);y(2m)) = (a;0). Tak
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KaK

z(2m —to) = x(to), y(2m —to) = —y(to), z(m —to) = —x(to), y(m —to) = y(to),

TO BMeCTe C TOUKOU (Z;Yo) HA KPUBOIH JexaT TOUKN (—xo;Yo) 1 (To; —Yo), TO
€CTh OHa CUMMETPUIHA OTHOCUTEIBHO 00emX KOOpAMHATHBIX ocell. [lycTs ¢ me-
HIETCSI Ha TTPOMEXYTKE (O; %) CooTBeTcTBYyOIINE TOYKU KPUBOH JIEXKAT B TIEP-
BOIl "eTBepTH. PacCMOTPHM MHOMKECTBO TOUCK I = aCos’t, § = asin®t. OTo0
OTPE30K MPIMOU T + ¢ = @, JEKAIINN B IEPBON YeTBEPTU. TaK Kak P JTI0O0M
t,0<t <3,z <Z,y <y, TO UCCIemyeMas KPUBas JIGKUT HUKE STOU MPIMOU.
DcKu3 KPUBOIL IPEICTABIIEH HA PUCYHKE B).

ITpumep 9. IlocTpouts 5cKu3 KpuBoH * = a cos2t, y = asin3t, a > 0.

PEmEHUE. Tak kak touka (x(ty + 27m);y(to + 27)) coBmamaeT ¢ TOUKOI
(z(to);y(ty)), TO MOCTATOUHO pACCMATPUBATH ¢ HA MPOMEXKYTKe MIUHbBI 27. OT-

METHUM €eIlé cilenymoomuye COOTHOIICHMA:

r(—t)==x(t), y(—t)=—y(t), z(r—1t)==x@), ylr—1)=y).

OTcronma crieqyeT, 9TO IpU U3MEHEHUN { Ha ITPOMEXYTKE [O' E} MIOJTYIatOTCs Te

12

K€ TOYKU KPUBOWU, YTO W TIPU M3MEHEHWN ! Ha TMPOMEXKYTKE |3; 77], a Ipu U3-
MeHeHnn ¢ Ha TpoMexyTKe |—7; 0] moIyJarTess TOYKN KPUBOM, CHUMMETPUIHBIE
OTHOCUTENIHHO ocu O ¢ TOUKaMU, TOJTyYeHHbIME pu u3Menerun ¢ Ha [0; 7). Ta-

KM 00pa3oM, HOCTATOYHO pACCMaTPUBATh ¢ HA IPOMEXKYTKE [O' ”} (cM. pucyHK®

a) u 6)).

12

zh a) y 7)

-a
x=acos2t y=aswn 3t

Ha mpomexyTke [O; %} x(t) MOHOTOHHO YOBIBAET, CIIEIOBATEIHLHO, STOMY PO~

MEXYTKY COOTBETCTBYET OfMHa BeTBb KpuBol. Korma ¢ pactér or 0 mo ¢, nsu-

xenne 10 Kpusoil mpoucxonut BieBo BBepx oT Touku (x(0);y(0)) = (a;0) mo

TOYKI (x (%) 1Y (%)) = (%, a). Korma ¢ pacTéT or § mo 3, IBIKEHUE 10 KPUBOI

IPOUCXOOUT BJICBO BHU3 JI0 TOUYKH (x (%) Sy (%)) = (—a; a), nepecekas ocb Oy B

TOYKE (x (%) Py (%)) = (O; %) 1 ock Ox B TOUKe (x (%) 7] (%)) = (—%; O). [Ipu

IajbHENIeM pocTe ¢ OT 4 IO 7, Kak ObLIO OTMedeHo Beimte, Toukn (z(t);y(t))

JIeXKaT Ha TOW Xke camont KpuBon. [Ipu m3menernun ¢ or —m mo 0 mosrygaeM BTO-
PYIO BETBBb KPUBOI, CUMMETPUIHYIO IIEPBOI BETBI OTHOCUTETHHO oct Ox. DCKu3

KPUBOI IIPEICTABIIEH Ha DUCYHKE B).
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3.5. IlonsapHasa cucTtema KoopamHAT. Y paBHEHUsSI KPUBBIX B MOJISIPHOU
cucTeMe KOOpIAWHAT

[Tomoxenne TOUYKM Ha TIIOCKOCTU MOXKHO ONPENEIUTH C ITIOMOIITBIO TTOJISIPHON
cucteMbl KoopauHaT. [lonsgpHas cucTtemMa KOODOWHAT OMPENENeTcCs 3adaHueM
HEeKOTOpOo Touku (), Ha3bIBAEMOI IIOJIFOCOM, 1 BBIXOMSIIETO 13 DTOH TOUKH JIy-
Ja, Ha3bIBAEMOT'O TOJIIPHON OChI0. IlomoXnTenbHBIMI HA3BIBAEM YTJIBI, OTCUM-
ThIBAEMbIE OT MOJIIPHON OCH NPOTUB YaCOBOU CTPENKU, & OTPUIATEIbHBIMI —
10 YaCOBOU CTPEJIKE.

M

0 E

[TomgpabIMu KoOpouHATAMU " U (¢ TOYKU M, He COBIAMAIONIEN C TIOJTIOCOM,
HA3BIBAIOTCSI paccTostaue 1 oT Touku M mo nosmoca O 1 yTom ¢ OT MOISIPHOR OC’
mo ayua OM. IIng momroca O monaraercs, ato r = 0, a ¢ "Heonpenenén. [lomsap-
HBIH yroa Touku M mMeeT OECKOHEUHO MHOTO 3HAUEHWH, TJIABHBIM 3HAUYEHUEM
yIJla (¢ HA3BIBAETCs €ro 3HadeHue, yIooBeTBopsiolnee ycaopuio 0 < ¢ < 27.

Y CTaHOBUM CBSI3b MEXKIY TOJISIPHBIMU U TTPIMOYTOIBHBIMU TEKAPTOBBIMI KO-
opmuHaTamu. [lycTs HAUAIO0 MPSIMOYTOIBHOW CUCTEMBI KOOPIMHAT COBIIAIAET C
TIOJTFOCOM, & TIOJIOKUTETbHOE HAapaBieHne ocu Ox COBIANAET C MOISIPHON OCBIO.
Torma, MexKIy mEKAPTOBBIMU KoopaumHaTamu (x;y) Touku M u eé HOISpHBIME
KOODIMHATAME (7, (0) UMEIOT MECTO COOTHOIICHUS

T =7cosy, Y =rsinp.

x
r=+/x>+1y% cosp = o sinp = g

,
3ameuanme. Ecmu x # 0, y # 0, To yroa ¢ MOXHO HAWUTU U3 YCIIOBUS

tg ¢ = £, mpuénm 3a TIaBHOE 3HAUYEHUE @ B3ATH yroia u3 [0; 27) Takoll, 9To 3HaK
sin (o coBmaiaeT CO 3HAKOM Y.

ITpumep 10. HapucoBaTh KpuBYy10, 3aaHHYIO B HOJISIPHON CUCTEME KOOPIIH-
HAT ypaBHEHUEM 1 = 2.

PEmEHUE. Ilockombky r = /22 + 92, TO B IEKapTOBOIl CHCTEME KOOPIU-
HAT ypaBHeHme mMmeeT Bunm 2 = /22 + y? mwm x> + y> = 4 — 5To ypaBHeHmUe
OKPYKHOCTH pammycoM 2 ¢ meaTpoM B Touke (0;0).

N obpaTtho,
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Ip

X +yt=4

IMpumep 11. ITycts Touka M (z;y) umeeT mexkapToBsl KoopauuaThl (—1;1).
HaiiT monspHbIE KOOPAMHATEL YTOW TOUYKM, €CIIM CUCTEMBI COBMEITIEHHI.

PENIEHVE. Buraucisewm:

V2o V2
T:\/(_1)2+(_1)2:\/§7 COSY = — 9 S @ = — 9

OTKyla ( = %” + 27k, k € Z, TO ecTh MOJIpHbIE KOOPAUHATEI TOUku M ecTb

r:\/i,go:%”—l—%rk,kez.

ITpumep 12. HapucoBaTh KpuBYyi0, 3aJaHHYIO B TOJISPHON CUCTEME KOOPIIH-
HAT YpaBHEHUEM " = COS 3(.

PEMEHUE. ®yrKIINIS COSs (0 — meproandeckas, ¢ HAanMEHBIITNM ITePUOIOM %ﬂ,
MMO3TOMY HOCTATOYHO TMOCTPOUTH KpuByIo misd 0 < ¢ < %”, a 3aTeM, UCIOIb3Y
MEPUONNYHOCTH, TOCTPOUTE €€ NI %” < p < 4{ 1, HAKOHEIl, IJIs 4?” < p <
< 27. IlocTponM Ty YacTh KpUBOH, KOTOpas pacnoiioxkeHna B yrite 0 < ¢ < %”

DyHKIISA 1 = €OS 3 Ha WHTEPBaJe [O; %} MOHOTOHHO yObIBaeT oT 1 mo 0; Ha

UHTEpBaJIe (%; %) r < 0, m0PTOMY HET TOYEK JIMHUU, PACIIOJIOXKEHHBIX BHYTPU
yrima g < ¢ < §; Ha OTPe3Ke [g, %”] KpuBass MOHOTOHHO Bo3pacTaeT oT 0 mo 1.

. .2 o
Hnsa ¢ € [0, %] U [%, ?ﬂ DCKU3 KPUBOW npenc;raBneH Ha pZIcyHKf a). Ocramoch
MOCTPOUTH KPHUBYIO B NPYyTHUX ABYX yriax: 3 < ¢ < J n 3 < ¢ < 2,
MCIIOJIB3YSI TPY STOM HMEPUONUIHOCTDL DYHKIINN COS 3. DCKIU3 KPUBON MPUBEOEH

Ha pUCYHKe 0).
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ITpumep 13. OupenenuTs Bum KPUBOI Ha IeKapPTOBOH mtockocTu £y, ypas-
HEHIE KOTOPOU B IIOJIIPHON CUCTEMe KOODOMHAT UMeeT BUL 7" = COS Y.
PEMEHUE. Ilockombky

/72 1 2 L
r=\r“+y, CcoOsSp=-—F—608K=—,
Va2 +y?
TO B IEKAPTOBOI CUCTEME KOOPINHAT yPABHEHNE KPUBOI IMeET BUL /12 + 42 =
2 2
= X _ ym 2® +y® = x, OTKyza (:z: — l) +9? = (l) , — DTO €CTh YPaBHEHUE
/22 +y2 2 2
OKPYKHOCTH PALILYCOM % C IIEHTPOM B TOUKE (%, O). SaMeTnM, U4TO U3 YCIIOBUS
T = COS ( CICIYeT, 9TO 1> = T COs ¢, OTKyHa x> + y° = .

38.,[[8_‘11/1 JIsI CAaMOCTOSATEJIBHOI'O pellleHM s

[TocTponTk rpaduk GyHKINN:

128. y = L.
129. y = 225
130. y = 35
131 y = 5055
132. y = 524
133. y = 6;__12;

134. y = /2%(1 — x);
135. y = /z(1 + 22);

136. y = /x(3 — x)?;
137. y = /x(2 — x?);
138. y = 377;
139. y = 220"
140. y = (%)1‘?2;
141. y = 2722,
142. y = 272;

_ (1\V7,
143. y = (521 :
144. y = 2=+1;
145. y = 2:71;
146. y = (%)135_3;
147. Yy = 32?;1;

148. y =1+ 3771,
149. y = 2%,
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150. y = (3)™*";
151. y = 2°"%;
152. y = 241‘—1‘2—1;
153. y = log, (22 -I— 21);
154. y = log1 x—+2,
155. y = log, .
156. y = logy(2% — 62 + 5);
157. y = 10g2(2x —4x + 3);
158. y = logs (42 — = 2);
159. y = log: |23 ;
160. y = 10g2 | sin z|;
161. y = log% COS T;
162. y = xsinz;
163. y = x + sin z;
164. y = zsin® z;
165. y = |z|sinz;
166. y = arcsin%;
167. y = arccos %;
168. y = arctg%;
169. y = arcctg%;
170. y = arccos 13;
171. y = arctg - o
172. y = %arcsm T}’
173. y = arccos == x—f—l’
174. y = —2arctg 57—;
175. y = 2 arcsin —5-;
176. y = x21—4;
177. y = 1_1332;
178. y = ﬁ;
179. y = %;
180. y = ———;
181. y = m
182. y = s
183. y = m
184. y = w
185. y = =

SAz—1’
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1

187. y = (3 TT)
188. y = ﬁ;
189. y = 71

190. y = glc;—fz;

191. y = ﬁ
193. y = log, 21,
194. y = 22 + 1,
195. y = 2% — 1;
196. y = ot

197. y = log% 2”;]'__21;

198. y =log, (Vo +1+1);
199. y = |tgx + 1;

200. y = |z| + i;

201. y = sinx + |sin z|;
202. y = log, |2 — 3z + 2|;
203. y = 22 — |z| + 3x — 2;
204. y = —>—;
O

205. y = ot
206.x:%,y=ﬁ;
207. x=t+et y=2t+e %

208. z = a(t —sint), y = a(1 — cost);
209. x = ﬁ, y=tg3t;
210. r = cos 2y;

211. r = 3sin 2¢;

212. r = 4 cos 3yp;

213. r = 2sin 3y;

214. r = acos4y;

215. r = asin4yp;

216. r = a(1 + cos p);
217. r = 2 4 sin 2yp;
218. r = 4(1 — cos p);
219. r:%,gp>1;

220. ¢ = arccos 7";—21



IIpunoxenue

Tabnuita npeobpa3zoBaHuM
rpadpuka QyHKIINN

[TpeobpasoBanue, KOTOPOE CIIEAYEeT MPOBECTHU

CD}/'HKHI/HI C I‘panI/IKOM prHKHI/H/I Yy = f(ll:')

b >0 = coBur BBepxX Ha b emmHUIL
f@) 6,670 b <0 = coBur BHU3 Ha |b| enuHMIL

a > (0 = CcOBUT BIIEBO HA ( €IUHWUIIL
a < 0 = cmoBur BIpaBo Ha |a| equHUI

fx+a), a#0

k > 1 = pactsakenne B k pa3 Bmoib ocu Oy

kf(z), k>0, k#1 0< k<1 = cxkarue B + pa3 BIoib ocu Oy

k
Flkz), k>0, k#1 k>1 = cxkartue B % pa3 BOoabL ocu Ox
’ 7 0 < k<1 = pacrsxenne B k pa3 Booiab ocu Ox

f(—2x) CIMMETPUTHOE OTPaxKeHne OTHOCUTEIbHO ocu Oy

—f(x) CIMMETPHYHOE OTPaxKeHne OTHOCUTeNbHO ocu Ox

1) Bcé, aro Hmxke ocu OT CHMMETPHYHO OTPAKAET-
)| o e

2) BCé, aro BeIIIe ocu Ox (BKIIIOYas TOIKI HA OCH),
OCTageTCs

1) Bcé, uro nesee ocu Oy, ucuesaer;

2) Bcé, uto mpasee ocu Oy (BKIIIOUAS TOUKY Ha OCH),
f(z]) ocTaéTCs;

3) mpaBas 4acThb CUMMETPUYHO OTHOCUTEIHHO OCH
Oy oTpaxaeTcs: HAJIEBO

Cwm. Takxe §2.
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