KpaTHble nHTEerpasbl

§1. OmnpenesieHne OBOMHOIO MHTErPaJja

[Tycts mama Ha MIOCKOCTU 0O6MACTh [), OrpaHWYEHHAs 3aMKHYTOW JTMHUEN
L, se mMeroreit caMoriepecedeHnit, u HenpepsiBHas B D dyakuus z = f(x,y).
Pacemorpum nsmenbuenne obaactu D Ha momagku S;, ¢ = 1,2, ...,n, AS; —
mwIomanu miomamnok S;. Cymma

> f(P)AS;,  PeS
=1

Ha3bIBACTCI UHME2PaAAbHOU, a Ipenes TaKAX CYMM IIPU CTPEMJICHAN HamOOJIb-
IIero auaMeTpa INIOMIANOK K HYJI0 U YHUC/Ia IJIOIIANOK 1 K OECKOHEYHOCTHU Ha-
3BIBAETCS ABOMHBIM nHTerpasoM dbyukuuu f(x,y) mo obmactu D, 3amuceiBaeTcst

[)ff(w,y) ds.

YKa3zaHHBIN BBIMIE TPEEN CYIIIeCTBYET I JTI0O0N HenpepbIiBHON B [ (HyHK-
un

B OCKaPTOBBIX KOOpOMHATaXx OBOMHOI nHTErpaJl BBIIIAOUT TaK —

/D/f(x,y) dr dy, a B IOJAPHBIX — /D/f(r,go)rdrdgp.

§2. IIpaBusio BuIYMCIIEHUS OBOMHOTO MHTErpajia

[Ipu BEIYMCIEHNN OBOMHBIX NHTEPAJIOB PACCMATPUBAIOT ABE 0CHOBHbLE 00Ia-
CTH MHTEIPUPOBAHUSA W CBONAT B HIUX BBIYUCJICHUE IBOMHOIO MHTErpajia K II0-
BTOPHOMY':

1) obmacTh nHTErpUpOBaHUs [D OrpaHIIeHa CIIEBA U CIIPABA MPSIMBIMA T = @
uzx =0b, (a <b),acHusy u cBepXy — HEIPEPBIBHBIMI KPUBBIMUA § = ()

uy =(x), [p(z) < ().

Hns Takoir 0671acTH WHTErpasl BEIYUCIIETCS 0 GopMyIIe

1) [ [ty = / a1 7)1”(:6,@/) day,
D o o)

1



2 §2. IlpaBuimo BBIYKCIIEHUS] TBONHOTO MHTETPAJIA

¥(x)
IpuYeM CHadaJj1a BBIYUCIISIETCSI MHTET DAl / f(z,y) dy, B koTOpOM T CUB-

p(z)

TAeTCd TTOCTOdAHHRKRIM.

2) obmacTh MHTErpupoBanus [D orpaHryYeHa CHU3Y U CBEPXY MPSAMBIME Y = ¢
uy =d, (c < d),aciaeBau cupaBa — HEIPEPBIBHBIMU KPUBBIMI T = (Y)

ux = P(y), [p(y) < P(y)].

Hns Taxoir 0671acTH OBOWHOW MHTEr'PaJjl BEIYUCIISETCS 10 (hopMyIIe:

) [ [ty - /d dy w/(y)ﬂx,y) dr,
D ¢ ©(y)

Y(y)

IIPUYEM CHAYAJIA BEIUNC/IAETCS MHTEr PAJT / f(z,y) dx, B xOTOPOM ¥ CUB-

o(y)
TaeTCda ITIOCTOIHHBIM.

[Ipaseie wactu popmys (1) u (2) HA3BIBAIOTCS N08MOPHLIMYU WUHTETDAIAMLL.
B ciyuae, korna obnmacts D mMeeT 6osiee CITOXKHBIA BUI, €€ Pa30UBaIOT HA 9aCTU
Buna 1) wm 2).

IIpumep 1. Berancmuts [[ (2 — y) do dy, ecnn o6macts D orpanmdeHa miu-
D

2y =2r—1.

HUSIMHA Y = 2 — T
Penienne.
[TocTpoum ob6macts D. CBepxy 00671aCTh OTpaHIYINBAET apabosia ¢ BEPIITITHON

B Touke (0,2), a cuusy — npsmas. [IpupaBauBas
2 — g2 =21 —1,

HalmeM abcrucchl Touek nepecedeHns: rpadukos. [lomyanm © = —3 nmm x = 1.
O6nacTh MHTErpUPOBAHUS NPUHAMIEKUT K Tumy 1). Paccrasisem npemesnbr
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1 2—x?
]://(x—y)dxdy:/dx / (x —y) dy.

D 3 201

Berauciisiem BHY TpEHHUI HHTETPAIT
2—332 9_ 2

1 v 1 3
/(x—y)dy:[a:y——y2] =zt -+ 2%+ - <.
201 2" Jaen ’ ’
[TomcrasiisieM B UCXOMHBIN HHTEr AT

1

1 3
I:/(—§x4—x3+2x2+x—§> dr =

-3

—— T = =T + T+ T — %

[ 1y 1, 2, 1, 31" 4
S| 100 47 37 27 2 '

OtrBeT: 4—.
15

IIpumep 2. PaccTaBuTh mpenenbl WHTETPUPOBAHUS MIBYMS CIOCOOAMU B

nsoitnom unterpane [[ f(xz,y)dxdy, tne D — obnacts, orpaHuUeHHAs MIps-
D

MBIMU 2y = T, Yy = 22, T = T.

Perrenue.

N306pasuB 06/1aCTh UHTErPUPOBAHUS Ha yeprexe (CM. puc.), OymeMm cHada-
Jla MHTerpupoBaTh no ¥. s kaxnonn Toukum obnactu D mmeem 0 < x < .
Ecnu B34Th BepTUKAIBHYIO IMIPSIMYIO, OTBEUAOIIYIO0 (DUKCUPOBAHHOMY X, TO OHA



4 §2. IlpaBuimo BBIYKCIIEHUS] TBONHOTO MHTETPAJIA

/ 3
/ “o g
3
2x)-
?’2\ %

2 Ay g7

2 VAT
x o,
4 X 0 VA X

nepecedeT 061acTh D B TOYKAX, JIEXKAIINX Ha MPAMBIX i = 5 U Y = 2T, CJIeqo-

BaTEJIBHO,
T 2z

[ sewariy= [ a [ rg)an

Ecnu e HaUaCTh ¢ MHTETrPUPOBAHUS IO T, TO 3aMeTuM, 4To 0 < y < 27 mis
KaxKmoi Touku (x,y) obmactu D u 9TO TOPU3OHTAIIBHAS MPSMAas, OTBEUAOIIAs]
buKCcHpoBaHHOMY Y, TIepecekaeT 061acTh D B TOUKAX, JIEKAIINX Ha MPSIMBIX (CM.
puc.):

Y 77
r=5 m r =2y mupn O<y<§ {D:}

hiei(e)e)

m
x:% u xr =7 upu §<y<27r {Ds}.
CrnemoBaTeTbHO, B 9TOM ciIydae 0b/1acTh [ Hamo pa3buTh Ha aBe 061acTH, TOCe

9ero nMeeM

[[sewariy= [ [ 1epavay+ [ [ 1o dedy-

jus
2

% o ™
- O/dy!f(x,y>dx+!dy!f<x,y>dx.

CaMOCTOSITEIbHO BEIYMCIIMTE HHTErpast o obiactu D, monoxus f(x,y) = siny,
IIPOBEPHTE OTBET: f f siny dx dy = 2.
D

IMpumep 3. [Iycts D — MHOXKECTBO TOueK (,y), T KOTOpex © = 0,y > 2

ny < 2— 2% Berauenurs [[\/zydz dy.
D



§2. IlpaBuiio BBIYKCIEHUS TBONHOTO MHTET DA 5

Perrtenue.
MHuoxkecTBO TOUEK (, %), 715 KOTOPLIX & > 0, — 5TO mpaBasi MOy IIOCKOCTb.
MHox)ecTBO To4eK (,y), I KOTOPLIX § = 2, — 5To 067acTh, JeKallas Hal

2

apaboJIoil; MHOXKECTBO TOUEK (T, Y), I KOTOPLIX ¥ < 2 — 2%, — 5T0 00J1acTh,

JexKalas 1ox napabosoit y = 2 — 2.
MmuoxecTBo D m300pakeHO Ha PUCYHKE, OHO TIPENCTABIIET IepeceueHne dTUX
TPeX MHOXKECTB, T.e. COCTOUT U3 TOUEK, MPUHAIEKAITNX KaKIOMY U3 HUX.

J
7 é,/f (7:12/

% Ny=p-z*

K

Z4 .

ol x / 2

2 _ .2 2 _
IIBe mmapabosbl mepecekaoTcs B TOUKax, roe 2 — x° = x*, T.e. npu 2x° = 2,

TOUKA MEPeCeUeHUs, IPUHALICKAIIAL IPABOI MOIYIIOCKOCTH, UMEET KOOPIU-
HaTel (1,1). g Touek obmactu D abemumeca @ u3mensiercst ot 0 no 1. Bepru-
KaJIbHAs IPsAMas IPU IOCTOSHHOM T IepecekaeT D 1Mo 0TPe3Ky, KOHIIBI KOTOPOIrO

PUHAIEKAT KPUBBIM i = 22 1y = 2 — 22,

CrenoBaTebHO,
1 2-a? 1 o2
Y2 y=2-z
//\/Eydxdy:/dx/ﬁydy:/ﬁIEI dr =
D 0 2 0 y=o*

ot
NI~

45 4 " 16
)dazzlgﬁ—?x]

1 1
1 1
:/\/55[(2—:1:2)2—x4}d33=/(2x2—2:c Ozﬁ.
0 0

CaMOCTOSITENTBHO BBIYUCUTE UHTErPAJI, UHTETPUPYs CHAYAJIA 10 T, & 3aTeM 10
Y.

L7151 HEKOTOPBIX 00/IacTel IBOMHON NHTErPaJI YA0OHEe BHIUYUCISITE, TTOJIB3YICh
MIOJIIPHBIMU KOOPJIMHATAMUI

T =T COoS p,
Yy = rsinp.



6 §2. IlpaBuimo BBIYKCIIEHUS] TBONHOTO MHTETPAJIA

B stom ciyuae

//f(:c,y)d:z:dyz/ f(rcosp,rsing)rdrdp.
D D

O6paTuTe BHUMaHUE, YTO, €C/TU HYXKHO BBIUYUC/IUTL ABONHOW WHTErpaJl, MC-
II0JIb3Ysl MOJISIPHBIE KOOPAUHATHI, TO OJISI 9TOTO HENOCTATOYHO HepernucaThb I0-
IBIHTErPATBHYIO (DYHKIIMIO, OTHECS ee K MOJIAPHBIM KoopauHaTaM (T, ), HO He-
OOXONMMO €eITle YMHOXKUTH ee Ha MHOXKUTETb 7'. T09HO Tak xKe 1 B O0IIIeM CiIyvdae
IIpU Ilepexone K HOBBIM KOOpAMHATaM HONbIHTerpajibHas (QYHKIINAS YMHOXKAETCs
Ha HEKOTOPBI MHOXKUTEIb, 3aBUCSIINN OT BHIOPAHHBIX KOOPAWHAT. DTOT MHO-
JKUTEJTh B 9YeCTh MaTeMaTnKa 7IKoOu Ha3bIBAETCS TKOOMAHOM.

IIpumep 4. Ilycte D — 4vacTh KPYyroBOTO KOJIbIIA, N300PaKEHHOTO HA PU-
ZC2—|—y2
cyuke. Berancmurs [[ e dx dy.

Perienne.
dlcno, uTo B paccmaTpusaemont obnmactu ¢ usmensercs ot 0 mo 3, a r u3me-
HseTcs OT 1 1o 3, maiiee,

2? + 42 = (reos )’ + (rsing)? = r?,

CremoBaTebHO,

bes ucmonn3oBanus IIOJIAPHBIX KOOPpOMHAT S3TOT MHTEr'paJl MOXKHO BbIYH-
CJIINTH, TOJIBKO IIPUMEHASI METOOBI YMCJICHHOI'O MHTCI PUPOBaHNMA.



§2. IlpaBuiio BBIYKCIEHUS TBONHOTO MHTET DA 7

IBOITHBIE MHTET PAJIbI IPUMEHSIOTCS MIJIT BEIUYUCJICHUS TIJIOITA el III0CKIX Pu-
T'yp U TOBEPXHOCTEH, 00BEMOB MTPOCTPAHCTBEHHBIX TeJI, MEXAHTYCCKIX BEININH,
CBSI3AHHBIX C HEITPEPBIBHBIM PaCIpPeneeHneM MacChl B IJIOCKOI 0OJTacTH, & TaK-
XK€ TS PEIeHns] MHOTUX OPYTUX 3am1ad.

C mOMOIIIBIO0 OBOMHBIX MHTETPAJIOB MOXKHO BBIUNCIUTH MEXaHUIECKUE BEJIN-
YMHBL: Maccy M, cTraTmdeckue MoMeHThl M, M,, momenTEl unepuun J,, J,,
KOODAWHATHI IIEHTPA TSKECTHU IIIOCKON durypsl D (x., y,) IPH 5TOM CUNTACTCSI
U3BECTHON IUIOTHOCTH p(T,Yy) paclupeneseHns MACCHI IIIOCKOi ¢urypsr. IlycTh
aHa HEKOTOpas Itockas ¢urypa [, Torma

m = //p(x,y) drdy — macca,
D

M, = //p(:v,y)ydxdy,
D

>
M, = //p(ff:,y):vdaj dy,
D

)
Jp = / / y’p(z,y) dz dy,
D >
Jy = / / 2*p(x,y) dx dy,
D

Te=— Y= —.

OCOGEHHO TIPOCTO BLIYUCIAETCS TMOBTOPHBI UHTETPAl B CiIydae, KOIIa
06JIaCTh UHTErPUPOBAHUS — MPIMOYTOIBHUK B IEKAPTOBLIX KOOPAMHATAX WJIH
YCEUYEHHBIN CEKTOD B MOJSIPHBIX KOOPAUHATAX (T.€. TPENebl MHTErPUPOBAHIUS
TIOCTOSIHHBI), a monbiHTerpaibaas Gyukmus f(z,y) = u(zx) - v(y) npencrasiena
B BUJIe TIPOU3BeNeHus. [IpONeMOHCTPUPYEM 5TO Ha TIPUMEpe.

IIpumep 5. Boraucinthb f f xInydzr dy, ecnu 0611aCTH MHTETPUPOBAHUS TIPSI-

D
MoyTonbHUK 0 <o <4, 1<y <e.

Pemenue.
O67acTh UHTErPUPOBAHUS OTHOCUTCS U K TUILY 1) u K TUmy 2).

e 4 e

4
//xlnydxdy:/dx/xlnydy: /xdx : /1nydy :
D 0

1 0 1



8 §3. "I'eomeTpuueckuii CMbIC/T’ MBOMHOTO WHTETpPAJsIa

T.€. IBOMHONI HTETPpaJl ABJIACTCA IIPOU3BEOCHUEM IBYX OOBIKHOBEHHBIX nmHrTerpa-
JIOB.

€ €

4
42 ‘
/:z:d:z:z;z& /lnydyzylny —/dyze—e+1:1.
0

1
1 1

OTBeT: 8.

CrapaiiTech UCIOIB30BATH TAKOE YIIPOIIEHNE B PEIIIEHNN 33021 KOHTPOJILHON
paboTHI.

§3. ”"I'eomeTpudyecKuil CMbICJI”’ HBOMHOTO MHTerpajia

Ecm f(z,y) > 0 B obmactu D, To nsoiimoir marerpan [[ f(z,y)dS pa-
BEH 00BEMY UYUAUHOPUUECKO20 MeAd, OIPAHNYEHHOTO CBEPXY IMOBEPXHOCTBLIO

z = f(z,y), cOOKYy IMIMHIPUIECKON MOBEPXHOCTHIO ¢ OOPA3YIOMINMIE Mapal-
ngenpHbIMEI ocu Oz, a cHu3y obnactbio D miaockoctu Oxy.
BaxHbiil 9acTHBIN Cilydail 3TON cuTyaluu Bo3HuUKaeT, korma f(z,y) = 1.

B sTom ciyuae, uncnenno (eciau npeHeGpedb eMUHWIIAMEI M3MEPEHHS): 00BeM

unmuEapa = mwomwanu obnactu D = [[1dedy = [[dxdy (wma [[rdrdy B
D D
MOJIIPHBIX KOOPINHATAX ).

ITpumep. HafiTn mmomans Gurypsl, orpaEndeHHON auHNEH 2° + y° = axy.

Pertenne.

Jlunust u3obpaxkena Ha pucyHke (OOBIYHO B PEIEHUN 3a[a4 KOHTPOJIbHYIO
JMHUIO JTydIlie n300paxkaTh MOCie Tepexona K MospHbIM KoopauaaTam). Ham
HYKHO HAWTH IIOMIAIb, OTPAHNYEHHYIO [TeT/IeN JIUHAN 0 PUCYHKY, ecian a = 1,
TO S &~ %, maxe TIOMeHbIIe (9Ta MPUKUIKA HaM MPUTONUTCS TIPU IPOBEPKeE).
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[Tpeobpasyem maHHOE ypaBHEHUE K MOJISIPHBIM KOOpIUHATAM I = T COS 0, I =
7 sin @, MOITYIUM:

@ sin p cos Y
sin® ¢ + cos3

(rcose)® + (rsing)® = a(rcos ) - (rsing) mmm r =

[TockombKy mepBOHAYAITBHOE YpaBHEHNE HAIIIEN (PUTYPHI HE MEHSJIOCH TIPH 3a-
MEeHe & Ha ¥, TO JUHUSI Y = T SIBJISETCS OCbI0 CUMMETPUHU GUTYPLI. SHAYUT, MbI
MOKEM BBIYHUCIIATEH TOIBKO IIIOMIAE TOJIOBUHEL HAIIEN 06IaCTH (3aIITPUXOBAHO
Ha pucyske). B srom ciyuae 0 < ¢ < 7 ¥ npu QUKCUPOBAHHOM (0

a sin Y COS Y

0<7r<—— )
sin” ¢ + cos? ¢
[TosTomy:
T v e
S = //rdrdgp—Q/dgp / rdr =
i i (2 A
:a2/ sin? o cos? ¢ dp = 2/ 6g gocosggp dp =
(sin® ¢ + cos? go) cosfp (1 +tg° )
B /Btg gpdtggp a2/4d(1+tg3g0)_ a? %_a2
(1+tgdp)” 3 (1+tgd ) 3(1+tg’p)|, 6

§4. TponHOI MHTErpasl

Ecnun mama orpanmuennas obmacts V' B mpocrpaHcTBe (Temo V) u QyHK-
st f(z,y, z), onpenesieHHas B V', aHAJIOTUYHO TBOWHOMY WHTErPALy BBOIUTCS
MIOHATUE TPOWHOrO MHTerpasa. [laiiTe caMOCTOSITENIbHO OIpenesieHre TPOMHOIO
uHTerpasia (aHagoruduo §1) m mpounraiiTe ero B yueGHUKE.

s BEIYUCIEHNST TPOMHON MHTErPAJI CBOMAT K NBOMHOMY mHTerpaiy. [IpaBu-
JIO CBENEHUs TPOWHOTO MHTerpajia K JBOMHOMY MbI IIPUBEOEM JIS CIIEIIHNAJILHOTO
Testa V', o0/1agaromniero TeM CBOMCTBOM, UTO BCSKas MIPsMasi, ITPOBEIEHHAsT Yepes
BHYTPEHHIOIO TOUKY Testa V mapasienbao ocu (Jz, mepecekaeT MOBEPXHOCTh Te-
Ja B OBYX TOYKax. B BepxHeil Touke z = u(x,y), a B HIKHeR z = v(x,y), Taoe
dyHKIIIM © 1 v ompeneneHsl B obnactu D, a obnacts D — mpoeknus Tena Vo
Ha I0CKOCTh Oy (CM. PHCYHOK).
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u(x,y)
[ [ s@yotriyiz= [ [azay| [ fy.2)a
14 D v(w,y)

(Buemrnunit uarerpas — ABOMHON 1Mo 06sacTu D, a BO BHYTPEHHEM HHTErpaJie
x u y cunraroTcs noctosHubiME). O6bem Tesa V' paBeH TPOMHOMY MHTErPAJLy
o V ot dyskmun 1 (f(z,y,2) = 1).

IIpumep. Hatitu 06bem Tena, orpanndenHoro nopepxuoctsmu © = 0, y = 0,
z=0,x+y=1, 2=+
Pemenne.

N3o6pasum Temmo V' u ero mpoekImo Ha MI0CKOCTh Ory Ha PUCYHKE.
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CBepxy Tejo OrpaHIYUBaeT YacTh Hapabosona BpAIlleHs 2 = &2 + 2

a?4y? 2 +y?
v—//dxdy/dz—/dx/dy/dz

Mzl cBenn 3a0a41y K BbIYUCJIICHNIO TPEXKPATHOI'O MHTEr'PaJIa. Brraucium ero
IIOCJICOOBATECIIBHO.

x4y
/dz:x2+y2;
0
o B\ | 1-2)? 4
/(w +y7) dy = (ﬁy*y) =2 (1-2)+ = —o2’+ 207~ o
3/, 3 3
0
[ 4 1 1 2 1 1\|" 1
/<—§x3+2x2—x+§> dv = (—§x4+§x3—§x2+§x> Ozg.
0

B zapmagax Ha BBRIYKCIEHUE 0OBEMOB U TIJIOMIANEN MOJIE3HO TMTPOM3BECTU ITPO-
Bepky. Tak, B IpenbIayIeM mpuMepe MOXKHO 3aMEHUTH TOBEPXHOCTH ITapabosIon-
na TI0CKOCThi0. OOBbeM HonyquHOf/'I YeTBIPEXYTOILHON TIUPAMUIEI U, (BEPIINHA

1 1
3 \/_
HomxHO OBITH BBHITIOJTHEHO HEPABEHCTBO v, > v > (. lelicTBUTEIBHO,

1 1
— > = > 0.

3\/56

MoxHO 0xumaTh, 9TO pe3yabTaT BEPEH.

B Touke () paBeH —

3ameuanue. OO0beM Teja, OrPAHIYEHHOIO YKA3aHHBIMEI B HAHHOW 3aIate
MTOBEPXHOCTSIMI, MOXKHO BBIYUC/INTD IIPU IOMOIIN OBOMHOTO MHTErpaja

:// (x2+y2) dx dy,

roe D — mpoeknus V' Ha mmockocts Oxy.



